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2of the elds and their spatial derivatives up to




, or as the integral over all the space R
n
but
with the characteristic function of the domain 




















Henceforth we will consider the space R
n
, use the
Einstein rule for summations and the multi-index






























The reader unfamiliar with these notations may
rst have in mind the one-dimensional case, then
J simply is the order of spatial coordinate deriva-


























j!=(k!(j   k)!) if 0  k  j;
0 otherwise.
(5)
With the help of them we introduce the so-called










































In the framework of the standard approach the















This is fully justied if all variations Æ
A
and all
their spatial derivatives are zero on the bound-
ary. In a more general case E
0
A
(f) gives us only
a part of the full variation. As a consequence
of that fact Euler-Lagrange derivatives may not
commute [17]. In turn this leads us to the con-















are, generally speaking, canonical only up to sur-
face terms. Finally, as the standard proof of
the Jacobi identity in mechanics is based on the
commutativity of the mixed second derivatives,
in eld theory the Jacobi identity for functionals
may not be true even if the elds themselves have
the canonical Poisson brackets.
To improve the situation we allow arbitrary
































where the dierential is written consequently by
































and the higher Eulerian operators (6).
The second constituent, a Poisson bivector, is
given, loosely speaking, by Poisson brackets of the
elds. These brackets are called local if they are
proportional to the Æ-function and a nite num-






























The new feature of our formalism is that the sur-















3For example, Ashtekar's transformation in the
canonical gravity which is of the type (9) leads
to the generalized form of the Poisson brackets
given above [18]. This is a rather general fea-
ture of transformations of this type. We con-
sider another example connected with the non-
linear Schrodinger equation in other place [19].
Even if the Poisson brackets of elds do not
contain surface contributions such contributions
may arise in the calculations of the Poisson al-
gebras for some transformation generators con-
structed by means of these elds. It is so because
these nonstandard terms may be a result of mov-
ing the derivatives of the Æ-function from one of










is applicable but with the denition of the adjoint





















For example, if we preserve the boundary contri-










Æ(x; y) = 0; (18)






















This solves one paradox which arises in under-
standing the result obtained for asymptotically
at spaces in the canonical General Relativity. It
is shown [7,8] that





are the Killing vectors of the back-
ground at metric, [; ] is their Lie bracket and
H(),H(), H([; ]) are generators with nonzero
surface terms. The paradox is in the observation
that if we rst consider integrands of (19) and
calculate their Poisson brackets according to (18)
then we will get zero result due to the closed con-
straint algebra of the General Relativity.
The third step in our revision of the Poisson
bracket formula is dictated by purely mathemati-
cal reasons. Speaking in mathematical terms, the
extension of the formal variational calculus pro-
posed above is the introduction of a new grading.
A grading in linear space L is a decomposition
of it into a direct sum of subspaces, with a spe-
cial value of some function p (grading function)
assigned to all the elements of any subspace [6].
Here the function p takes its values in the set








Elements of each subspace are called homoge-
neous.
A bilinear operation x; y 7! x Æ y, dened on
L, is said to be compatible with the grading if
the product of any homogeneous elements is also
homogeneous, and if
p(x Æ y) = p(x) + p(y): (21)
It is necessary to dene the pairing between 1-
forms and 1-vectors, which then really will induce
all other operations, as an operation compatible





































































4serve as coeÆcients of the decomposition over
these bases. Let us dene a trace as
Tr(^
^















that is evidently a bilinear and commutative op-
eration. It is also easy to check that
Tr((D^)
^
 ) = DTr(^
^
 ): (28)
This important property of the trace operation
allows us to use it for the denition of the pairing





which is independent on the ambiguity in the rep-
resentations of the operators ^,
^
 following from
the freedom to do the formal integration by parts.
For example, we can remove all the derivatives



























thus transforming  and  to the so-called canon-
ical form (compare with [5]). This formal integra-
tion by parts does not change any integral over
the nite domain 
 and is useful for the illustra-
tion of analogy with the standard formalism. To
return back to the usual formal variational calcu-
lus we should only put 


(x)  1, i.e., 
 = R
n
then the \columns" like 
hJi
will be reduced to
their rst terms 
h0i
and for the canonical repre-
sentation of the 1-vector and 1-form their pairing











After making the above three steps: the revi-
sion of dierential, Poisson bivector and pairing
we can obtain the new formula. There are at least
three ways to write it, in correspondence to the
three ways to write the dierential of a local func-





























































The calculation of the Poisson brackets by the
new formulas can be made in not more compli-
cated way than by the old ones. First, to get the
Frechet derivative from the rst variation is even
easier than to get the standard Euler-Lagrange
derivative because the integration by parts is not
needed. Second, we can exploit covariance prop-
erties and use the covariant derivatives instead of
the ordinary ones.
As an example, we calculate the Poisson brack-
ets of the two spatial dieomorphism generators














































































































Let us mention that the calculation according to
the standard formula gives additional surface con-





































are the Killing vectors on the boundary.
Therefore we have a free boundary closure of the
spatial dieomorphism algebra by means of the
new brackets.
As a second example let us consider the Yang-
Mills eld in a nite domain. It is suitable to use
























































































































are the surface vari-
























and commuting with the volume variables. After























































compatible with the localized time
evolution is also assumed.
Here the Gauss law constraint is prolonged onto





X). The standard approach requires








should be zero on the
boundary. Then the boundary conditions are to
be gauge-dependent or E
a
(1)
be zero. The ap-
proach based on the dynamical boundary con-
ditions permits to save gauge invariance on the
boundary.
The residual gauge invariance of the theory is
manifested in the above dynamics on the bound-




may not necessarily be arbitrary to
preserve the gauge invariance. It has been argued
that the dependence of the partition function on
these boundary conditions may be considered as a
connement criterion in the SU(N) gauge theory
[23], and that the surface terms play an important
role for understanding that phenomenon [22].
4. CONCLUSION
As we have seen from above, the Poisson struc-
ture can be introduced prior to any boundary con-
ditions. This is analogous to the Hamiltonianme-
chanics where constraints are treated later than
the Poisson brackets. We may expect that the
treatment of the boundary conditions could pro-
ceed similarly, so that primary and secondary,
rst and second class boundary conditions may
arise. We may get an analog of the Dirac bracket
at the end of the standard reduction procedure.
What are the Hamiltonian equations generated
by the new bracket? They can be called as a weak




-functions as distributions seri-
ously, then we will have singular boundary terms
in the equations and may encounter with ambi-
guities in solving such equations. Therefore, the
construction of the closed Poisson algebras with
surface terms seems to be a more promising direc-
tion. There we deal with local functionals, rather
than functions, and the Poisson bracket does not
move us out of that class. It is quite possible
that the Hamiltonian dynamics for the function-
als may become of more importance for the quan-
tum eld theory than for the classical one.
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